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Abstract: A concern in Mathematics Education is the professional development of the teacher and to
promote effective training programs. The literature provides principles guiding the design of such
programs, which were considered for an instruction intended to strengthen the teacher’s practice
in relation to the development of mathematical skills. The objective of this work was to study if the
designed program was effective, in relation to the impact on the teacher’s teaching. A case study
on a group of in-service teachers focused on the ability of mathematical modeling (MM) and their
perspectives of this skill was carried out. This was divided into three moments: before, during, and
after the program. The findings show that, before the program, teachers conceived modeling from
epistemological, pragmatic and conceptual perspectives; during the program, they focused on the
pragmatic and educational perspectives; and at the end of the program, the group was stripped of
the pragmatic, epistemological and conceptual perspectives to move towards the educational and
socio-critical. They were also able to justify the choice or disassociation of one or more of them.
The study advances towards the concretion of more specific and robust professional development
programs for mathematics teachers.
Keywords: mathematical modeling; professional development programs; effectiveness; perspectives
1. Introduction
Teacher professional development (TPD) involves a process of continuous and per-
sonal learning and growth, in which teachers participate voluntarily. This development
process gradually provides confidence and autonomy and contributes to deepen their
knowledge and skills to improve their practice so that they are able to address the learning
challenges of their students [1–3]. The training programs in which teachers participate play
an important role in identifying how they evolve in their TPD [4]. Unfortunately, for three
decades, in-service teacher training has yielded disappointing results (qualitatively and
quantitatively) with respect to effective training proposals in terms of helping teachers to
improve their practices and even more disappointing in relation to the impact on student
learning [5–8].
This calls for effective TPD programs, defined according to the improvement of the
participating teachers’ practice and their students’ learning [5,8] as key elements of a TPD.
There is a vast body of research that focuses on identifying principles for effective TPD
programs [9–11]. Ref. [12] proposes principles of effective programs exclusive to the field
of mathematics education. The purpose of this paper is to advance in this line, presenting
evidence of how these principles are operationalized in a specific context, designing a TPD
program based on them and analyzing the impact on the participating teachers.
Specifically, in 2020, under the perspective of the principles for effective mathematics
TPD programs [12], a specific instruction was designed with the purpose of strengthen-
ing the teacher’s practice in relation to the development of the four mathematical skills
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promoted by the Chilean Ministry of Education: representing, problem solving, modeling,
and communicating and arguing [13]. When implementing this TPD program in a remote-
working modality, the question arose whether the program was effective or not; that is,
did it have an impact on the teaching of the participating teachers? This led to studying
if the designed program impacted the teaching of its participating teachers, analyzing its
repercussion in one of the groups of teachers, particularly, the one that addressed the ability
of modeling. Given the complexity of teaching, investigating it implies observing a wide
range of aspects, such as their knowledge, their way of interacting with students, or their
reflection on their practice. For this work, we analyze the teacher’s teaching based on
how the group positions itself in relation to the perspectives of MM in three key moments:
before, during, and after the program.
In relation to modeling skills, authors such as [14,15] point out that, although modeling
skills have existed for some time, efforts focused on teachers through TPD programs have
only been made in recent years. Ref. [16] notes that, compared to pre-service teachers,
research has paid more attention to in-service teachers’ TPD programs, as they are often
linked to funded projects that include a research and evaluation study. In the field of
teacher education, the literature has been concerned with the design of teaching materials
to encourage modeling, the positioning of teachers with regard to modeling, and the
relevance of providing teachers with modeling situations to serve as examples of teaching
practices [17,18]. Along the same lines, Ref. [19] states the importance that pre- and in-
service teachers face modeling tasks to promote reflection based on their own experience.
Ref. [20] reports that teachers face two main challenges when promoting the use of
MM practices and activities in the classroom. Firstly, there seems to be misconceptions
or confusion among teachers about what MM and its practices are [21,22]. Modeling is
often misperceived or misinterpreted as drawing a model or step-by-step representation
of solving a mathematical problem [14,23]. Secondly, difficulties are associated with the
constraints of assessment systems, leading to limitations in time management and learning
from MM activities in the classroom [23].
These challenges motivated us to study the impact that a specific professional devel-
opment program had on a group of teachers focused on the ability of modeling, observing
how they evolve in relation to the perspectives on MM. The perspectives, discussed in the
literature, will be detailed in the following section.
2. Perspectives of Mathematical Modeling
The theoretical underpinning that supports this study is based on the notion of MM
and its perspectives. The teaching of this skill constitutes a topic of specific interest in
mathematics education [24] that can be addressed from different perspectives [25]. These
different theoretical approaches have an impact on disparate issues, which, when observed
as a whole, allow us to form a global idea of how MM is understood in the educational field.
Several authors [26–29] consider two ways of treating MM in the classroom: as a
means and as an end. In the first one, modeling is an instrument that allows the learning of
mathematical content, which gives rise to the conceptual perspective [26] or educational
perspective (learning mathematics) [30]. In the second, the class is planned thinking about
developing the competence of MM in students, highlighting the educational perspective
(learning modeling) [28,30]. Under this premise, Ref. [31] defined the ability of modeling as
a component of mathematical competence to be developed at the school stage. Developing
such modeling competence involves different stages. Ref. [32] proposed a cyclical scheme
where MM is explained from the different stages of the process. Similarly, Ref. [33] proposed
a diagram-based description of the temporal sequence of activities performed by students
when solving Fermi problems. Discussions on the process-based approach and other
examples of MM cycles can be found in [34] or [35].
From another current, Ref. [36] adopts a socio-critical perspective of mathematics
education in relation to MM. This author highlights the critical appreciation that can be
given to the process of construction and use of mathematical models. This view considers
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MM as a means to achieve citizens who are critical of society. Ref. [37] carried out a
documentary analysis of what some authors understand by MM from a contextualized
perspective, considering critical mathematics education, the realist approach, the socio-
epistemological and anthropological theory of didactics. The authors indicate that, in this
process of transferring the real world to mathematics, the teacher plays an important role,
since he or she must contextualize the situation to be worked with students, allowing them
to work with contexts of everyday life or with phenomena where they can relate their
mathematical knowledge to the situation to be modeled.
When mathematics is seen in a utilitarian way, that is, as a means to solve practical
problems of everyday life, we are faced with the pragmatic, realistic, or applied perspec-
tive [28]. In this perspective, MM is seen as a means to model real-life situations, where
students understand and solve real-world situations. In it, in order to understand and
handle real-world situations, models must be dealt with explicitly. Modeling arises from a
question about a certain system [38], so it is associated with problem-solving. In this regard,
Ref. [39] identified MM and problem-solving, while other researchers pointed out that the
purpose of MM should be the production of knowledge about the system under study, not
just answering a specific question [40].
When the main interest is to reconstruct mathematics through MM, we are in the
presence of the epistemological or theoretical perspective [30]. The justification for this
perspective lies in considering relations with the extra-mathematical world as indispensable
for an adequate image of mathematics as a science [21]. MM is subordinated to the
development of more general theories for the teaching and learning of mathematics, where
the goal is oriented to theory and to the promotion of theory development [28], that is,
the situation posed is focused on understanding the theoretical aspects that underlie it;
the models are constructed starting from a situation that then leads to the development
of a mathematical theory. In this perspective, students are shown authentic examples of
how strongly mathematics shapes the world or epistemological examples that provide
some insight on mathematics as a science (including ethnomathematical examples). In
both cases, the role of mathematics and its relations to the real world should be made
more conscious [21]. In addition, both mathematical and extra-mathematical topics can be
addressed, where the former are described as “intra-mathematical modeling”, and where
relations to the extra-mathematical world are indispensable for an adequate picture of
mathematics as a science in a broad sense. Every mathematical activity is identified as
modeling where MM is not limited to the mathematization of non-mathematical questions.
Modeling involves working with a mathematical model, or end product of MM [41], which
involves a language shift between the real world and mathematics [42], or also between
different mathematical descriptions [27].
When MM is used in the sense of wanting to increase students’ interest in mathematics,
motivating—through real world examples—their understanding and retention, then we
are in the presence of the psychological or pedagogical perspective [43].
These perspectives and others are collected by [21], who complements them with the
ideas of [44] in order to distinguish six MM perspectives, considering the notion of “perspec-
tive”, even more formally, by means of pairing “objective/suitable examples” as follows:
applied perspective (pragmatic/authentic), educational perspective (formative/cognitively
rich), socio-critical perspective (cultural with an emancipatory/authentic intention), episte-
mological perspective (cultural in relation to mathematics/epistemologically rich), peda-
gogical perspective (psychological with marketing/motivational intention), and conceptual
perspective (psychological/mathematically rich).
These perspectives make it possible for the student to make sense of the activity of
modeling, understanding by the “sense” of an activity the subjective meaning that you can
give to this activity by which you can understand its purpose. Each of these perspectives
offers learners a specific aspect of meaning:
• “applied”: understanding and mastery of real-world situations;
• “educational”: the realization of the growth of one’s own competence;
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• “socio-critical”: understanding the role of mathematics in society;
• “epistemological”: understanding of mathematics as a science;
• “pedagogical”: the enjoyment of doing mathematics;
• “conceptual”: the understanding of mathematical concepts.
Ref. [44] emphasizes that one of the points to address was the need to separate didactic
approaches from research perspectives because the lack of this distinction causes difficulties
for researchers and practitioners as they often work with several perspectives.
This paper adheres to the ideas of [21,45] in relation to the different perspectives that
can be adopted from the MM, according to the scenario and context where you want to use
it. For this study, we have focused on observing which perspective(s) is (are) present in the
discourse of the teachers studied, inquiring into the robustness of their arguments and the
degree of depth in the skill itself.
In this sense, Ref. [46] indicates that the main emphasis in these perspectives is on the
aspects that are put into play, and that the direct or indirect implications that they have in
the classroom should be considered. The author foresees two trends, one referring to the
role of the student and the other to that of the teacher. In the latter, reference is made to
the fact that the teacher chooses contexts or phenomena depending on his/her knowledge,
thematic contents, and institutional reality. The author points out some MM situations that
have been carried out in other studies and that can be seen from different perspectives,
inviting them to be reproduced. He also emphasizes that MM should offer freedom to
students and teachers to recognize the different socio-cultural contexts, situations where
mathematical knowledge can be the engine to “read the world”, which requires from
teachers the ability to emancipate themselves from routines that seem to be justified in
traditional educational contexts.
3. Materials and Methods
A qualitative case study was conducted, analyzing the perspectives of MM of a group
of teachers attending an instruction when designing, implementing, and evaluating a class
focused on this skill.
3.1. Context and Teacher Training Program
The study was framed within a specific program called “Professional Development
from the Lesson Study with a focus on mathematical skills” conducted at a university in
Chile. Lesson Study is a methodology for promoting TPD, of Japanese origin, that enables
teachers to improve and reflect on their practices. It involves a cycle of three key stages:
design, implementation, and evaluation of a lesson, which is conducted in a collaborative
environment [47].
This program was designed considering the principles of effective programs for
mathematics teachers [12] (Table 1).
The training program had two stages. In the first stage, called the “Examining and
design stage” (which lasted one week), the teachers began the process by designing, in
groups, a class around one of the mathematical skills, to socialize with peers and trainers.
Afterwards, the trainers further examined the skills so that the teachers could acquire
theoretical and didactic support for their implementation in the classroom. As a result, the
groups reformulated the lesson plans. The improvement continued by asking each group
to carry out the Didactic Analysis related to the designed class, which was shared with their
peers and trainers, leading to a new reformulation of the lesson plan, based on the feedback
provided. The Didactic Analysis is a methodological tool that is used in teacher training
to examine a learning unit. It contains five sub-analyses: conceptual, content, cognitive,
instructional, and evaluation [48].
At the end of this week, the groups presented a report with the didactic analysis carried
out and the reformulated lesson plan, which they implemented in the following stage,
where they carried out cycles of Lesson Study around what they designed in this stage.
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Table 1. Principles for effective professional development programs for mathematics teachers [12].
Principles Description
Principle 1 Teaching for learning focuses on improving educational practices for students’mathematical learning
Principle 2
Focus on knowledge focuses on the mathematics teacher’s specialized
knowledge and a vision of what to teach mathematics for and what is effective
mathematics teaching.
Principle 3
Inquiry and reflection require continuous inquiry into one’s own practice,
promoting reflection on it, on what teachers learn, and on how to bring it into
the classroom.
Principle 4
External links provide balance and coherence between mathematics and the
curriculum, providing links between other parts of the education system,
school, universities, and students/teachers. Senior leaders provide proactive
support for TPD.
Principle 5 Time involves sufficient time to achieve ownership and change (in beliefs, forexample) of teachers.
Principle 6 Communities of practice focus on communities of practice through theexchange of views and collaborative work, rather than individual teachers.
Principle 7 Classroom data collection has instances of classroom data collection, includingclassroom experimentation—action research, for example.
Principle 8
Facilitation of experts considers the participation of experts (as far as possible
who are among the trainers) to help model effective mathematics teaching,
valuing the authority of experience as a source of professional learning.
The second stage of the training program, called the “Lesson Study stage”, was based
on the Lesson Study methodology, in which each group, starting from the class designed
in the intensive week, carried out cycles of this methodology, where the implementations
were recorded to be analyzed as a group. Once a month, the teachers and trainers met to
analyze and reflect on the implemented classes, observing the elements that needed to be
reformulated. This process lasted 6 months, culminating in the delivery of a final report
where each group presented the Lesson Study cycles, the reformulations of the classes, the
analysis of their implementations, and their reflections on the process carried out. The
stages of the program are illustrated in Figure 1.
These two stages that structure the program allow the presence of principle 3 (inquiry
and reflection), especially through the Lesson Study methodology, which also favors the
presence of principle 6 (communities of practice), where the exchange of opinions and
collaborative work was encouraged. In addition, the program considered sufficient time
for the appropriation of the topics to be addressed, both disciplinary and didactic. This
causes principle 5 (time) to be present in the design of the TPD.
Given that the purpose of the program was to strengthen the practice and specialized
knowledge of the teacher in relation to the development of mathematical skills, it considered
in its design principle 1 (focus on teaching) and principle 2 (focus on knowledge).
As mentioned above, the program revolves around the four mathematical skills
promoted by the national curriculum. This emphasis on one element of the curriculum
is present in the design of the training program in principle 4 (external links), providing
balance and coherence between mathematics and the curriculum.
Furthermore, in stage 2 of the program, the importance of collecting data from the
classroom can be seen, present in principle 7, which accounts for the instance of collecting
data from the classroom.
Finally, in its design, principle 8 was considered: expert facilitation, i.e., it was taken
into account that the program should be directed by experts in mathematics didactics and
mathematical skills. It was initially taught by three trainers specialized in the didactics
of mathematics, one of them specialized in the ability of argumentation, another in the
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ability of problem solving and modeling, and the third in the ability of representation.
Subsequently, two specialists in the same area were incorporated, one of them a specialist
in the ability of modeling and the other in the ability of problem solving.
Educ. Sci. 2021, 11, x FOR PEER REVIEW 6 of 21 
 
As mentioned above, the program revolves around the four mathematical skills pro-
moted by the national curriculum. This emphasis on one element of the curriculum is pre-
sent in the design of the training program in principle 4 (external links), providing balance 
and coherence between mathematics and the curriculum. 
 
Figure 1. Stages of the program, data collection instruments, typology, and temporality. 
Furthermore, in stage 2 of the program, the importance of collecting data from the 
classroom can be seen, present in principle 7, which accounts for the instance of collecting 
data from the classroom. 
Finally, in its design, principle 8 was considered: expert facilitation, i.e., it was taken 
into account that the program should be directed by experts in mathematics didactics and 
mathematical skills. It was initially taught by three trainers specialized in the didactics of 
mathematics, one of them specialized in the ability of argumentation, another in the ability 
of problem solving and modeling, and the third in the ability of representation. Subse-
quently, two specialists in the same area were incorporated, one of them a specialist in the 
ability of modeling and the other in the ability of problem solving. 
3.2. Study Subjects 
Twenty-two primary and secondary school teachers participated. These teachers en-
rolled on the training program of their own free will. Of these 22 teachers, this study paid 
attention to the only 1 group of 4 teachers that voluntarily chose to address the skill of 
modeling. The teachers in the group range in age from 38 to 43 years and have between 
11 and 15 years of teaching experience. Two of them work in vulnerable schools (those 
whose students are of high social risk and low socio-economic level), and these same 
teachers have taken the Teacher Evaluation (placing them in the “outstanding” category) 
and the Disciplinary and Pedagogical Knowledge Test (with a performance level above 
B). In Chile, teachers must take the Teacher Evaluation every few years, which gives levels 
of performance: outstanding, competent, basic, unsatisfactory. They must also take the 
Disciplinary and Pedagogical Knowledge Test, which assigns the teacher to a specific 
Figure 1. Stages of the program, data collection instruments, typology, and temporality.
3.2. Study Subjects
Twenty-two primary and secondary school teachers participated. These teachers
enrolled on the training program of their own free will. Of these 22 teachers, this study
paid attention to the only 1 group of 4 teachers that voluntarily chose to address the skill of
modeling. The teachers in the group range in age from 38 to 43 years and have between
11 and 15 years of teaching experience. Two of them work in vulnerable schools (those
whose students are of high social risk and low socio-economic level), and these same
teachers have taken the Teacher Evaluation (placing them in the “outstanding” category)
and the Disciplinary and Pedagogical Knowledge Test (with a performance level above B).
In Chile, teachers must take the Teacher Evaluation every few years, which gives levels
of performance: outstanding, competent, basic, unsatisfactory. They must also take the
Disciplinary and Pedagogical Knowledge Test, which assigns the teacher to a specific
bracket: A, B, C, and D, where A is the bracke with the best performance and D the
low st perform ce.
Three f the four teachers (Teacher 1, Teacher 2, a d Teacher 3) have as initial training
the tit e of secondary mathematics teacher and have completed a postgraduate degr e
in some specialty rel ted to the didactics of mathe atics. The implementati n of th
designed class w s carried out by Teacher 1 and Tea her 2, with the support of Teacher 3,
with secondary school students aged 12 a d 13 a d in virtual mode. The first cl ss was
implemented in a group of 30 students and the second in a class of 9 students. Both classes
had no experience with modeling activities.
Based on the above, the research design of this study follows a “case study”, in which
the aim is to investigate and analyze in depth a single case [49,50] of a group of four teachers
during a specific time, participating in a didactic-mathematical specialty training course.
This group was chosen because it was the only one that voluntarily focused on modeling
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skills. The group of teachers stated that they had chosen this skill because they considered
it to be the most complex of the four promoted by the Ministry of Education.
We have focused on studying the impact of the program on this group of teachers,
prioritizing, in the first instance, the enquiry into how this improvement directly affected
the teachers. It should be noted that we are aware of the need to address the impact of the
program not only on teachers but also on their students and consider that this aspect is on
the horizon of the present work. However, given the magnitude of this teacher-centered
study, the impact on students will be the subject of a subsequent paper.
3.3. Data Collection
For the data collection, we used various sources: recordings of different moments
of the program and of the classes implemented, Word or PowerPoint documents with
the lesson plan designed and reformulated, Word documents with the initial and final
reports, and the pre- and post-tests applied to teachers. Figure 1 illustrates the different
data collection instruments according to the moment when they were applied (before,
during, or after the program).
The objective of the pre- and post-test was to gather information about the initial
(before the program) and final (at the end of the program) conceptions about MM. The pre-
test contained two items and was designed considering a validation by experts in didactics
of mathematics, especially in MM. The items considered in the pretest were as follows:
1. In mathematics education, what do you understand by the ability of modeling?
2. Give an example of an activity or task you would do for your students to develop
this skill.
In order to maintain the degree of difficulty, the post-test included the same items as
the pre-test, but a third item was added to lead the teachers to a global reflection of the
process carried out in the program. The third item of the post-test was:
3. Provide a brief reflection on the main learning you have achieved in the program.
Also comment on the positive and negative aspects of the program, the methodology
used, the focus (skills), among others.
3.4. Data Analysis
For the data analysis, the content analysis method was adopted, considering as units
the paragraphs or set of paragraphs with a common idea, both in the writings and in the
recordings. Each unit of analysis was codified by Teacher 1, Teacher 2, Teacher 3, etc.,
when the interventions were of teachers participating in the program and by Trainer 1,
Trainer 2, Trainer 3, etc., when they were the trainers. The categories of analysis, linked to
the perspectives of the MM, are detailed in Table 2.
Table 2. Categories of analysis used in the study.
Categories Description
C1 Applied or pragmatic modeling
perspective
The teacher recognizes MM as a means to model real-life
situations, where students understand and solve
real-world situations.
C2 Educational modeling perspective
(learning modeling)
The teacher states that he/she knows MM as a skill to be
developed in his/her students. The teacher knows the
phases or activities that make up the MM, and they use
them in their teaching
C3 Conceptual modeling or
educational modeling perspective
(learning mathematics)
The teacher identifies MM as a means to learn
mathematics, that is, he/she uses MM to teach a content
through it.









The teacher uses MM as a tool for his or her students to
understand or reconstruct mathematics as a science,
from an intra- or extra-mathematical approach, using
authentic examples of how strongly mathematics shapes
the world or epistemologically rich examples that shed
some light on mathematics as a science.
C6 Pedagogical Modeling Perspective The teacher uses MM as a motivational tool for learning.
4. Results
The results are presented according to the MM perspectives presented by the teachers
before, during, and after the program.
4.1. Before the Program
At this stage, there are two instruments for data collection, the pre-test and the initial
lesson plan.
4.1.1. Results of the Application of the Pre-Test
Before starting the training process, a pre-test was applied to the teachers. Their
answers show that three of the four teachers in the group proposed a conception of MM
centered on the pragmatic perspective. An example of this is shown below, where Teacher 2
proposed MM as a means to model real-life situations, in which students understand and
solve real-world situations:
1. In mathematics education, what do you understand by the ability of modeling?
That the student can use mathematical tools to codify or symbolize an everyday situation and,
if possible, give a solution to it thanks to these utilities of mathematics.
2. Give an example of an activity or task you would do for your students to develop
this skill.
They are presented with an everyday problem situation involving money, and they must
use algebraic language as a means to translate and model this situation and provide a solution.
It should be noted that the fourth member of the group (Teacher 4) evidenced an
epistemological perspective of MM, since he considered it as a process that involves deter-
mining the algebraic representation associated with a mathematical situation, emphasizing
the importance of studying the behavior of the numerical sequence, as illustrated in the
following text:
Modeling consists of expressing a situation or problem using algebraic language in such
a way that the generalization of the problem can be sought. Example: Add the first “n”
consecutive natural numbers.
1 + 2 + 3 + 4 + 5 + 6 + 7 + 8 + 9 + 10 + . . . + n = [n (n + 1)]/2
To achieve the skill, you must first study the behavior, this could be made at first by adding
the first 10 numbers.
4.1.2. Initial Lesson Plan Results
At the beginning of the training program, and before intervening with the teachers,
the group was urged to design a lesson plan whose purpose was to develop modeling
skills in their students. Although this instance took place at the beginning of the program,
it is considered, for the purposes of the study, as “before the program”, since no didactic
intervention had yet been carried out on the teachers by the trainers. The group discussed
what elements such a lesson should contain, giving rise to the dialogue shown in Table 3.
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Table 3. Group discussion on what is MM.
Teachers Dialogue
Teacher 4 Yes, what I’m telling you is that this skill is the one I feel weakest in,that’s why I also applied for this skill
Teacher 1 I think we are in the same situation.
Teacher 3
It is the most complicated aspect to be able to differentiate between
representing and modeling, and suddenly one falls into the trap. So
that’s why I also wanted to work on modeling, which I feel is one of the
most difficult to identify, and to be able to work on it in the classroom
so that the children also understand it
Teacher 4 The initial test that you did, do you remember what your example ofmodeling skill was?
Teacher 4
Of course, the ability to model. For example in my case, what I did, or
what I tried to do, because I don’t know if I did it right, I put a problem,
a problem situation to the students, and it was to add, for example to
add the first consecutive numbers, so first of all, we added the first
10 consecutive numbers, that is, from 1 to 10, 1 + 2 + 3 + 4 + 5, right,
and we tried to find...
Teacher 4
So, as I was telling you, I mean, my idea was to add the first
10 numbers, from 1 to 2, to 3, up to 10, and then get some general idea,
and if we get to the formula, to add the first consecutive numbers was
n * (n + 1) divided by 2. So that was my initial test proposal to work on
modeling skills. But I don’t know if it’s going to be focused on that.
Teacher 1 So basically then we kind of... do we agree that modeling is like comingup with this mathematical language?
Teacher 4 Exactly, like generalization, which, through this model, allows us tosolve not only specific equations but generality.
In the group discussion, what was observed in the pre-test is confirmed regarding
a conception of the ability of modeling centered on the process of constructing the math-
ematical model. This model is viewed as an algebraic representation associated with a
mathematical situation, where the teacher emphasizes the importance of studying the be-
havior of the numerical sequence. This, therefore, suggests the epistemological perspective.
It can be seen that they did not contemplate a problem of everyday life (intra-mathematical
approach), nor did they consider the stages of solving and validating as part of the MM,
confusing it with the ability of representation and conceiving it as the process that leads to
the generalization of numerical expressions. In other words, it seems that the group con-
ceived MM as a mathematical practice that allows generalizing mathematical expressions,
trying to look for epistemologically rich examples that shed some light on mathematics as
a science, which is close to the epistemological perspective. When they shared with the rest
of their peers and trainers, they were asked about the type of context that involves MM,
and they affirmed that it could be real or mathematical.
On the other hand, when analyzing the lesson plan (that teachers structured in three
main moments: beginning, development, and closing), the focus was centered primarily
on content over skill. The main goal of the lesson was to arrive to the algebraic expres-
sion involved in the problem (Figure 2), which makes the conceptual perspective of the
MM emerge.
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4.2. During the Program
The results are shown in the two stages of the program: the stage of examining and
design at the beginning and at the stage of Lesson Study, where there was a monthly
meeting with teachers.
4.2.1. xa ining and esign Stage
fter the teachers present their lesson plans, the trainers delved further into each
athe atical skill. In the case of the group of teachers orking ith the skill, it as
observe that these clarificati s r i t str c t t ir c ti .
Exa ples in relation to the role of the context (of real life), data collection a d the impor
tance of solving the problem ar illustrated in the dialogue sh wn in Table 4. This provides
evidenc that the t achers disc rd d the epist mological perspective from their conceptions
and focused more attention on the pragmatic or educational perspe tive, which becam
clearer as they advanced in the training process.
Table 4. Group discussion on w at modeling is after examining.
Teachers Dialogue
Teacher 3 So, if what we were doing is not modeling, what is it?
Teacher 4 It’s problem solving because it’s not contextualized. That’s what Iunderstood.
Teacher 3 It was just problems, even if we ask him to find the expression and allthat, is it just problem solving?
Teacher 4
What happens is that what I understood is that solving the problem, if
it’s in context, then you work on modeling, but if it’s not in context, it
should only be problem solving. Because solving problems can be...
The context can be mathematical in itself.




Because when... I, for example, when they presented the proposals, I
said to all the previous proposals that this is not modeling, it is only
representing because translating is representing. There was no problem,
there was no problem to solve beyond “it represents the situation of the
party...”. What they mention there. I saw that and I said, yeah, it’s
translating. And I thought that ours was modeling because of the
process that the student had to work through in order to arrive at the
expression.
Teacher 4 It also allows you to predict the behavior of the figure.
Teacher 3 Exactly, so that’s why I thought we were the ones who were moreadvanced in modeling.
Teacher 4
Figure number 100 is going to have, I don’t know, 200 little squares. So,
we could predict, as you say... If the only thing it doesn’t have is that
it’s not contextualized.
Teacher 3 It is the context. That’s why I’m telling you, it caught my attentionbecause I didn’t know it.
Teacher 4 I didn’t either. I didn’t know it was so important . . . I thought theimportant thing was to get to the model.
Teacher 3
I thought that, too. The path, how you get there and the process you go
through to get to that expression. That’s why I had felt that we were
doing very well. I said, yeah, we’re doing great for the path we’re on,
but we were missing the most important thing.
Teacher 4
Give it a context. I think that... Well, now we have to see the context,
how real... Because the context I think can also be a simulation, maybe
the behavior, because I don’t think we have to look for real data of a
population. Very real data, for example...
Teacher 2 I don’t believe this David, because remember that at one pointProfessor Ely said that the theme of the tiles could be used.
Teacher 2 And that’s not so real because it depends on what you’re going to...
Teacher 4 Of course, one can adjust
Teacher 2 I mean, the real thing is that there are tiles, that you’re going to...
Teacher 4 In a population x, the behavior of deaths from a new virus is both.
Teacher 1 But not new.
Teacher 4 From Covid21
Teacher 3 From Covid22.
Teacher 4 Or the other thing would be to search. The thing is... Searching for thatinformation, it’s accurate.
Subsequently, teachers were encouraged to develop the didactic analysis associated
with the learning unit, which involved identifying the errors, difficulties, and returns of the
class, the possible responses of students, among other aspects. This process led them to
reformulate their lesson plan on several occasions. Finally, at the end of the examining and
design stage, teachers submitted a report that included the lesson plan and the didactic
analysis associated.
All this allowed us to observe changes in the group in relation to their initial positions
on MM. When observing the lesson plan that teachers carried out (which, in its first version,
evidenced the epistemological and conceptual perspectives), a greater relevance to the
ability over the mathematical content was observed, giving presence to the educational
and pragmatic perspectives:
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• The beginning of the lesson focused on a video (https://www.youtube.com/watch?
v=szmxbpJM24M, accessed date: 15 December 2021) that was intended to bring the
students into a specific context (contagion by a disease such as COVID-19);
• Development aimed to solve a problem related to the contagion of a disease, where,
under certain conditions, they must find the number of infected for a certain time;
• The closing (Figure 3) dealt with the definition of MM from an educational perspective,
by trying to emphasize its phases, and from a pragmatic perspective, by highlighting
the relevance of solving a problem of everyday life.
4.2.2. Lesson Study Stage
As the academic year progressed, the group carried out two cycles of Lesson Study
(design, implementation, and evaluation of the class). In the first implementation, it
was observed that the implementing teacher (Teacher 1) focused her attention on getting
her students to solve a contextualized problem, introducing the pragmatic perspective.
However, in the closing, the educational perspective emerged, since the teacher explained
that “the process you did mainly addresses a very important skill that has to do with modeling”.
After that, the teacher presented its definition as illustrated in Figure 3, where the emphasis
was also on the phases of the MM. After the first implementation, in the program sessions,
together with peers and trainers, the most relevant moments of the class were shared. On
that occasion, the group mentioned that “we were able to address the objective of the class, which
was to be able to implement this problematic situation, so that the children, through their modeling,
could reach the result”, which gives a glimpse of the pragmatic perspective.
There was a discussion about what happened in the class, where trainers and peers
raised several questions to the group, among which we highlight: (a) how to favor in the
class that the students manage to move from one stage to another? For this, it was suggested
to add initial indications, for example: “explain to your partner what you understand about
the problem”, in order to help to go through the stage of understanding the problem in
the MM; (b) how to start the class in a way that is coherent with the skill to be developed,
suggesting incorporating questions such as “what steps would you do if you had to conduct
an investigation?”, which will provoke a brainstorming session that can be taken up again
at the end, formalizing the MM; (c) how to take advantage of the solutions found by the
students in relation to the MM?—suggested to promote instances of validation of results
(contrasting with the context), the last phase of the MM; and (d) do you want the students
to develop the whole process of MM or some of its phases? (to position oneself as to what
the emphasis will be).
In this regard, teachers reformulated the lesson plan and implemented it again. The
methodology implied that the class was implemented by the different members of the
group, after the reflections and reformulations were made. On this occasion, the teacher
who implemented (Teacher 2) again focused her attention on getting her students to solve
the contextualized problem, as happened in the first implementation, giving the impression
of maintaining the pragmatic perspective. However, it should be noted that the teacher
did not take the time to reach the correct answer and immediately moved on to the closing
of the class, where the educational perspective emerges, as she presented the definition of
MM and the cyclical model illustrated in the center of Figure 3.
After the implementation, in the monthly meeting, a reflection of the class was carried
out, where the trainers raised certain questions such as “why at the beginning of the class
is it not proposed to introduce the stages of the MM?”, to which the group argued that their
intention was that the children carried out the process with the tools they handle, and at the
end of this work, it was explained to them that they carried out the modeling process. This
can show us that the group manifested an educational perspective, where they highlighted
the importance of carrying out the MM process (with or without the teacher’s help).
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Another query that arose from the trainers was in relation to the phase of understand-
ing the problem, where they were shown the need to return to this stage when necessary,
for exampl , when it was observed in the following phase that the students did n t arrive
at a correct model. In this regard, the group stated that when they saw that their students
did not find the model, it was difficult to move forward and that they were now aware that
it is possible to go back to the phase of understanding the problem.
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They were also questioned about how to take advantage of the wrong models, where
they were led to consider the validation phase, where the important thing is not to evaluate
the skill but to carry it out. This became relevant in the group when they stated that they
thought that the important thing was to get to the right model (pragmatic perspective).
Throughout this process, it can be observed that the discussion continued to revolve around
the educational perspective and with some glimpses of the pragmatic perspective.
Finally, the importance of leading the students to reflect on the usefulness of MM was
emphasized. Teachers highlighted that this type of problem situation can be found on
other occasions, they are tools for everyday life, and that this is why this skill is worked
on at school, trying to include the socio-critical perspective. In this respect, the group
did not express an opinion, but it seems that they reflected on it, as is evidenced in the
following stage.
4.3. After the Program
At the end of the program, the groups submitted a final report, presenting the main
ideas of the process carried out and answering the post-test. The results of these three
activities are detailed below.
4.3.1. Final Report
In relation to the final report, the group studied showed evidence of stripping itself
of the pragmatic perspective, which is evident in the final joint reflection of the report, an
excerpt of which is presented below:
At the beginning we were all very focused on the students getting to the solution of
the problem, rather than on the process of developing the skill. This was changing in
the course of the application of the lesson study system that involves the three stages of
preparation, realization and evaluation. By receiving the comments and reviews of the
experts and making the necessary adjustments, we managed to focus on the students
working on the skill rather than on obtaining a correct result of the problem.
There is also an intention to detach from the conceptual perspective and move towards
the educational perspective, for example, when they indicated, “I have tried to put aside the
conceptual to focus on the skill and its phases. In this way, I realized the richness that is achieved in
the students.”. In addition, they also highlighted the importance of promoting the stages
of MM:
As for the ability of mathematical modeling, as a tool to solve real-life problem situations,
it was possible to work during the development of the classes, specifically the second class
of 90 min, by virtual platform, emphasizing the understanding of the problem, promoting
the stages of mathematical modeling together with the students, allowing them to be the
main actors of their own learning.
4.3.2. Final Exhibition
After the delivery of the report, a last meeting of the program was held, where each
group presented its reflections on the process carried out. On this occasion, one of the
trainers presented them with three statements (linked to some perspectives of the MM)
and asked them which of them they felt most identified with, which provoked the dialogue
illustrated in Table 5.
Moreover, one of the trainers asked them about the learning achieved in the program,
giving rise to the dialogue shown in Table 6.
Several aspects can be observed from this dialogue. In the first place, it seems that the
teachers recognized that initially they conceived MM from an epistemological perspective,
with a strictly mathematical approach (in relation to the initial lesson plan that they propose).
Subsequently, they stated that, for them, in the process of MM, it is not relevant to reach the
solution, but to carry out the MM cycle, especially to find models that must be validated,
which gives evidence that they moved from the pragmatic perspective to the educational
Educ. Sci. 2022, 12, 2 15 of 21
one. Finally, the group manifested the importance of achieving critical and reflective
citizens, as part of the process involved in MM, which shows that they were becoming
aware of the socio-critical perspective of this skill.
Table 5. Dialogue between the trainer and the teachers on the prospects of MM.
Participants Dialogue
Trainer 1
If we were to decide what is relevant in a class that develops modeling skills,
which of these three options do you think is the most relevant?
- Go through the phases of the MM, even though they make mistakes.
- Get students to be critical and reflective about a contextualized situation.
- Find the right model and solve it
Teacher 1 I’ll take the first one
Teacher 2 Me too
Trainer 1 That is to say, to go through the phases of the MM, but even though there aremistakes?
Teacher 1 Yes, what happens is that despite the error they can make decisions andmove forward in the cycle.
Trainer 1 And of the other two, which would be the second most relevant?“get students to be critical and reflective” or “find the right model and solve”.
Teacher 1 and 2 In that order I would leave it
Table 6. Dialogue between the trainer and the teachers about the learning achieved in the program.
Participants Dialogue
Trainer 1 What did you learn throughout this process [of the program]? What is thefirst thing that comes to your mind?
Teacher 1
For me, in particular, it’s like getting out of the rigid process of modeling,
for me modeling was “I take what I know, but it has to be strictly
mathematical and I get to the result”, and so on, that is, so rigid, then, on
the other hand now, that’s why it was very hard for me to get out of the
rigid process, even to get out of the frustration of the first class where
nothing came out, the first impression was that nothing came out of it. In a
second we stopped and we realized that it was achieved, these are models,
imprecise and all, but they are models... ah this is modeling, not necessarily
achieving the scheme or the precise algebraic process, then along the way
we improved it.
At the same time this situation was real, it happened a lot in the course
with a couple of students who reflected a lot about contagions, at one point
I had to stop it because it was getting too long, I got nervous that it was not
the subject, but in the end it is also part of the subject, it is something real,
it is something contextualized, so that they could explain themselves, but I
stopped them, I restrained them, and I took them there [to the result].
Teacher 2
One is used to the fact that, since we are working and we are math teachers,
then the important thing is to get to the answer, to a correct result. For me,
this skill helped me to realize that the whole process that the children go
through is valuable, especially when we are working with an everyday or
real life situation, so taking this whole cycle is complex and one is used to
the fact that it has to be this and that’s it, but here it opens the door to the
fact that we also have to make the children reflective, that they are critical,
that they are not just calculating machines, but they have to be open to this
ability to reflect and to be critical. This is not only in science or language
subjects, but we can also complement it in mathematics so that the children
can make progress in the subject
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4.3.3. Post Test Results
At the end of the process, the teachers take the post-test. In it, it can be seen that the
four teachers in the group maintained the educational perspective, as evidenced in one of
the answers of Teacher 3:
In mathematics education, what do you understand by the ability of modeling?
The ability of modeling corresponds to being able to go through a circuit that involves
a problematic situation in real life, going through the understanding and analysis of
the situation, creating a model that allows to give a solution to this situation, such as
pictorial representations, numerical or algebraic expressions, solving this model to be able
to later re-analyze the situation and see if this model responds or gives a solution to the
problem posed.
Furthermore, from the reflection question added to this test it can be seen that Teacher 3
again shifted to the pragmatic perspective, as illustrated below:
Having been able to participate in the two class implementations has allowed me to
experience firsthand how students work, in this case, the skill of modeling, where we,
as teachers, are often concerned that they reach a solution and not that they work on
the skill.
To summarize the results, a synthesis of how they evolve in the perspectives of the
MM is illustrated in Figure 4, where the dotted lines in red indicate a shedding of the
indicated perspective.
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5. Discussion
We have set out to study whether the professional development program designed has
an impact on the improvement of the teacher’s teaching. To this end, we have focused our
attention on the different perspectives on MM expressed by teachers at three key moments:
before, during, and after the program.
Before the program, teachers conceived MM focused on epistemological and concep-
tual perspectives, as is reflected in the pre-test and in the initial lesson plan. Likewise, they
recognized difficulties in distinguishing MM from problem solving, a fact that was also
identified by [20] when developing a TPD program focused on modeling and 3D printers.
Indeed, authors such as [51,52] acknowledge that there is no simple blueprint for describing
and defining universal problem-solving method or modeling processes.
Furthermore, the bewilderment shown by teachers in confusing the ability of modeling
with the ability of representation may be rooted in what [22] explains about modeling
mathematics and mathematical modeling. While the former refers to using representations
to communicate mathematical concepts or ideas, the essence of the latter lies in dealing
with a variety of real-world problems where the main task is to translate a problem into
mathematical form. From the teachers’ comments in the pre-test, it appears that they were
thinking about modeling mathematics. This confusion also seems to be reflected in the
lack of real contexts in the initial tasks they proposed, since, by placing themselves in the
conception of modeling mathematics, the process begins in the mathematical world rather
than in the real world, as occurs in mathematical modeling.
The difficulty of teachers to pose situations in real context found among the par-
ticipants of this study has also been highlighted by [19], who state the importance that
pre-service teachers as well and in-service teachers face this type of situations based on
MM so that, through what they can experience, they reflect on the characteristics and
difficulties that can be observed in order to seek strategies. In the same way, Ref. [53] states
that teachers’ professional development courses should be improved, offering occasions to
face modeling activities based on rich and realistic contexts, as well as developing proto-
types of practices and textbooks based on realistic problematic contexts available for all
school levels.
During the program, in the examining and design stage, teachers gradually discarded
the epistemological perspective from their conceptions, focusing more attention on the
pragmatic and educational perspectives. When they focused on the educational perspective,
they became aware of the importance of the validation stage, which went largely unnoticed
by students, an aspect that was also identified by [32,54]. In stage two of the program
(during the school year), a tendency for the educational perspective was manifested.
Finally, after the program, the group of teachers manifested the intention of stripping
themselves of the pragmatic and conceptual perspectives in order to move towards the
educational perspective. It can be seen how in the last stages of the process, the socio-critical
perspective emerged. The fact of becoming aware of this perspective brings teachers closer
to international positions that have pointed out the educational value of involving students
in the modeling activity [55], especially if mathematics education is understood as a means
to promote responsible citizenship [25].
In summary, although throughout the process they modified their positions on the
perspectives of MM, in the final stage they were able to justify the choice or disengagement
of one or more of them with arguments that go beyond the anecdotal. They approached
what [56] notes as a reflective view of MM itself, causing teachers and students to engage
with these issues.
This global view of the program allows us to visualize that it enabled teachers to
face a skill that was initially complex and confusing for them. This process highlights
that the program has forced teachers to emancipate themselves from routines that seemed
legitimate to them, such as the fact of stripping themselves of certain perspectives to focus
on others. This enabled them to look at the classroom from a more refined position in
relation to this skill, ratifying the ideas of [46], who indicates that the direct or indirect
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implications that the perspectives of MM have in the classroom should be considered. In
this sense, we agree with [21,57], who state that TPD can improve teachers’ knowledge of
mathematical modeling.
Moreover, taking into account the complexity of teaching, we have considered study-
ing the teacher’s teaching from the perspectives of the MM. This may be a limitation for the
study, since the teacher’s teaching, given its complex nature, involves many other aspects,
such as personal knowledge, reflection, and way of interacting in the classroom, among
others. However, at the same time, we consider that this study is a contribution to the
scientific community given that we have materialized the perspectives of MM in a specific
TPD program for mathematics teachers, a complex issue to deal with as stated by [44],
owing to the need to separate didactic approaches from research perspectives.
Another limitation of the study has to do with the context where the TPD program is
located, since, due to the pandemic conditions, it was not possible to carry out the training
in person but by remote means, which hindered communication and the impact on teachers.
This context also had to consider the work overload that the participating teachers had.
Given the change of focus that they had to make in their classes (from face-to-face to remote
or hybrid), even teachers who were already using online environments in their practices
had to adapt suddenly to the new teaching context with the advent of emergency remote
education due to COVID-19 [58]. Even so, we also consider that this study is a contribution
to the scientific community, as it was possible to demonstrate that, despite the pandemic
and working remotely, it was possible to advance in the training of mathematics teachers
and achieve satisfactory results from them.
This study has focused on observing whether the program studied was effective or
not, through its impact on the teaching of its participating teachers. Considering that
effectiveness involves observing both the teaching of the teacher and the learning of their
students [8], we projected this study by analyzing its impact on the learning of the students
of these teachers. To do so, we have proposed to follow up with these teachers and their
students in order to see their impact in the longer term.
Other lines of research can be directed towards observing how each of the principles
of effective programs influence the teaching of the teacher or the learning of their students.
This would allow for increasingly specific and robust TPD programs for mathematics
teachers that will ultimately have an impact on the education of future generations.
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